Accurate prediction of laminar to turbulent transition at hypersonic velocities is a challenging task. The high temperature and low pressure encountered in such applications can lead to large variations in physical and transport properties of the gas. This can result in significant changes in the effective Prandtl number. In this paper, we study the physical effects of Prandtl number on the stability of high Mach number boundary layer flows. Prandtl number values in the range of 0.3 to 1.2 are chosen and a temporal linear stability problem is formulated. The resulting eigenvalue problem is solved using Chebyshev spectral collocation method.
I. Introduction
Hypersonic vehicles fly at an extreme range of stagnation enthalpy, and the aero-thermodynamics associated with them involve strong shock waves, viscous shock layers and non-equilibrium thermo-chemistry. These multiple processes can influence laminar to turbulent transition in different ways. A turbulent boundary layer generates much higher friction and heat transfer, by factors of four or higher, to the vehicle surface compared to a laminar boundary layer. Transition location influences the estimation of aero-heating and skin friction drag, which in turn affect heat shield weight and material, vehicle range, and payload capacity. Therefore predicting the location and streamwise extent of transition in a hypersonic boundary layer is important for avoiding overly conservative design margin for thermal protection systems.
The process of transition from the laminar to the turbulent state can be affected by a wide range of factors 1−3 . For instance, the level of free-stream turbulence 4 and entropy disturbances have a large influence in the transition process. Geometric parameters, such as surface curvature 5 , angle of attack 6 and nose bluntness 7−8 can also alter the transition location significantly. In addition, boundary conditions imposed on the vehicle surface, for example, cold/adiabatic, smooth/rough, catalytic/non-catalytic can delay or augment the transition process. At hypersonic speeds, high enthalpy of the flow leads to real gas effects, which include vibrational excitation, dissociation, recombination and exchange reactions, followed by ionization of the gas. Depending on the magnitudes of the relaxation time scales with respect to the fluidresidence time, the thermo-chemical state of the gas can be frozen, equilibrium or non-equilibrium. These high-temperature effects alter the physical as well as transport properties of the gas significantly, which can have a major influence on the stability of hypersonic flows.
Extensive work 9−13 has been carried out to determine the effect of thermo-chemistry on the stability of hypersonic boundary layers. In particular, linear stability theory has been used to study the effect of thermochemical parameters on the stability of boundary layers at typical hypersonic conditions. Franko et. al.
14 consider a flat plate geometry at a Mach number of 10, and investigate the effect of using different chemistry models for thermodynamic, transport and chemical reactions on boundary layer stability. The wall boundary condition is also varied from adiabatic to cold wall to determine its effect on the second mode growth rate. They observe that the differences for linear stability growth rate prediction between two chemistry models are larger than the differences between thermal non-equilibrium, chemical non-equilibrium, and chemical equilibrium calculations. Similarly, Lyttle et. al. 15 consider a spherically blunted right circular cone at a Mach number of 13.5. The sensitivity of the second mode growth rate to the variation of constitutive models for reaction rate, specific heat and transport properties are studied. Amongst the different parameters considered, the variation of transport properties is found to have the most dominant effect on stability characteristics. Transport properties for a high temperature gas include species diffusivity, in addition to viscosity and thermal conductivity. Due to the presence of various thermochemical processes, empirical models, such as Blottner's temperature-based curve fit 16 and transport models derived from kinetic theory are routinely used in hypersonic flow calculations. For precise estimation, more complex models based on collision integrals, such as Chapman−Enskog method 17 and Stuckert's model 18 have to be used. Ref. 15 shows that the transport models of Stuckert and Blottner, predict approximately 10% and 25% difference in the magnitude of viscosity and thermal conductivity, respectively, at the peak boundary layer temperature of 2100 K. This difference results in an 8% variation in the peak growth rate prediction of the second mode instability. Similar results are reported for the M = 10 flat plate boundary layer in Ref.
T(K) Pr
14 The linear stability results differ by around 20% in the peak growth of the second mode, when two different transport models (Blottner and Chapman−Enskog method) are used. The frequency where this peak growth rate occurs also shifts by 8%.
The transport properties depend on the internal energy modes and their excitation at elevated temperatures. Different dissociation, ionization and charge-exchange reactions in a high-temperature gas also contribute to the transport property variations. Therefore viscosity and thermal conductivity have different individual variations with temperature and pressure, resulting in large variation in the effective Prandtl number in case of hypersonic flows. Figure 1 shows the variation of Prandtl number for equilibrium air over a range of temperatures at 1 bar pressure. The minimum value of Prandtl number (∼ 0.49) is observed at a temperature around 3000 K, while the highest value (∼ 0.89) is observed at 10, 000 K.
Previous works 20−22 have extensively studied the physical effect of various parameters such as, Mach number, reference temperature and Reynolds number on boundary layer flow stability. The Prandtl number is mostly fixed, usually at 0.72. In high Mach number flows, however, the effective Prandtl number can vary significantly due to high-temperature effects. This paper is a step towards understanding the physical effect of Prandtl number on the stability of high-speed boundary layer flows. For this, we have considered flat plate boundary layer as the model problem and varied the Prandtl number systematically from 0.3 to 1.2. We intend to carry out a controlled study of the variation of Prandtl number and its effect on flow stability. We therefore neglect thermo-chemical effects, and a perfect gas assumption is used throughout the work. A temporal linear stability is performed and the details of this analysis along with the similarity equations for mean flow are presented in Section II. The stability results are discussed in Section III, followed by the conclusions.
II. Governing equations

A. Base flow
A steady two-dimensional compressible laminar boundary layer flow over a flat plate is solved using the Levy-Lees similarity transformation. 23 In this approach, the coordinates are transformed from the physical domain (x, y) to a transformed space (ξ, η) which are related by,
where ρ e , u e and µ e are the density, velocity and viscosity at the boundary layer edge. Using the boundary layer approximations along with the above transformation, the Navier Stokes equations reduce to a system of two coupled ODEs given by,
where f = u * /u e is the non-dimensional velocity, g = T * /T e is the non-dimensional temperature, C is the Chapman-Rubesin factor which is the viscosity-temperature ratio in their non-dimensional forms, M is the edge Mach number, P r is the local Prandtl number and γ = 1.4 is assumed. The asterisk and the subscript "e" denote the dimensional and reference quantities respectively, and prime refers to the derivative with respect to the transformed wall normal direction, η. Viscosity is calculated using Sutherland's law, which can be expressed in the non-dimensional form as follows,
where B = 110.4/T e and T e is in Kelvin. Further, conductivity is calculated assuming a constant value of P r, based on the free-stream parameters. This constant value of P r is systematically varied to investigate the effect of variation in Prandtl number on the flow stability.
Eqs. 3 and 4 are subjected to the following boundary conditions at the wall, where the temperature boundary condition depends on whether the wall is isothermal or adiabatic. Further, at the freestream, the boundary conditions are
In the above equation, ∞ represents boundary layer edge which is characterized by the freestream paratmeters. The base flow (Eqs. 3 and 4) together with the boundary conditions (Eqs. 6 and 7) can be solved as an initial value problem with intial guess values for f and g at the wall (for an adiabatic wall considered in the current work). Their actual values can be obtained using the iterative shooting method which ensures that these values satisfy the boundary conditions at the freestream. Note that in order to convert the variable η back to the physical domain y, we use the inverse tranformation given by,
The length scale used for the Reynolds number is xν e U e and the Mach number specified corresponds to the boundary layer edge Mach number.
The mean velocity and temperature variations for three Prandtl numbers (0.3, 0.72 and 1.2) for M = 6 are shown in Figure 2 (a) and 2(b). As the Prandtl number is increased, the thickness of the boundary layer increases due to the increase in viscosity (Figure 2(a) ). With increase in P r, the wall temperature also increases significantly, since the recovery factor scales as √ P r. The second derivative of velocity is plotted in Figure 2 (c) since it is directly related to the calculation of generalized inflection point, and the location of the generalized inflection point plays a key role in the nature of the second mode instabilities. As the Prandtl number is incresed, the location of the inflection point moves away from the wall, which implies that the instabilities are present close to the boundary layer edge for higher Prandtl number cases.
B. Linear Stability
Linear stability equations for the perturbations are derived by representing the instantaneous flow variable (A) as a sum of the mean flow variable (Ā) and a small fluctuation quantity (Ã), i.e.,
A =Ā (y) +Ã (x, y, z, t) .
Substituting Eq. 9 into the non-dimensional form of the governing equations and neglecting higher-order and non-linear terms, we obtain the linearized perturbation equations. 24 The assumptions employed to derive the linear stability equations are− wavelike disturbance solution, disturbance linearity and parallel mean flow approximation. The fluctuations are expressed in a normal mode form,
whereÂ (y) represents the complex amplitude of the flow variable of a traveling wave with wave number components α, β in the x − z plane and frequency ω. Considering a temporal stability problem with ω = kc (k = α 2 + β 2 and c represents the phase speed of the disturbance wave), where both α, β are real and ω complex, we substitute the perturbed form (Eq. 9) into the linearized disturbance equations. A homogeneous system of ordinary differential equation is thus obtained, which can be expressed as,
Here, ψ = (û,v,ŵ,p,T ) T is the vector of eigenfunctions corresponding to flow velocities, pressure and temperature perturbations. A and B are two 5N × 5N (N is the number of grid points) complex matrices, and its elements are functions of α, β, ω, Re, P r, M and the mean-flow variables.
Boundary conditions on the perturbations are,
We replace the rows corresponding to the boundary conditions on the RHS of Eq. 11 with a multiple of the corresponding rows of B. The corresponding eigenvalues are mapped away from the domain of interest in the eigenvalue plane.The temporal stability problem thus solved, provides the complex frequency ω = ω r + ιω i , where ω i represents the growth or decay rate of the disturbance wave.
The linear stability equations are solved using the Chebyshev spectral collocation method. The collocation points y c are given by,
The domain η = 0 to η = η max is mapped to the Chebyshev domain of y c ∈ [−1, 1] through the following transformation that accounts for grid stretching:
where
, and b = 1 + 2a η max (16) In the above equation, η i is a parameter which is used to cluster half of the Chebyshev points below it. The choice of this parameter is made such that there is sufficient clustering within the boundary layer around the point of inflection in the mean velocity. Figure 3 presents the eigenspectrum computed for a Mach 5 compressible boundary layer flow over a flat plate with two-dimensional disturbances (β = 0). Reynolds number (Re), Prandtl number (P r), streamwise wavenumber (α) and the stagnation temperature (T o ) considered for this flow is 1000, 0.72, 0.05 and 300K respectively. The spectrum shows the entropy and vorticity modes of the continuous branch near the disturbance phase speed of c r = 1. Two discrete modes are also observed in the range of phase speed considered. The first slow and fast modes are identified from their behaviour at the leading edge of the flat plate as α → 0. The slow discrete mode synchronizes with the slow mode of the continuous spectrum with a phase speed of 1 − 1 M . Similarly, the phase speed of fast discrete mode of the eigenspectrum tends to 1 + 1 M of fast acoustic wave in the long wavelength limit. As, the wavenumber is increased, the fast discrete mode (F − ) synchronizes with the continuous branch near c r = 1 and departs from the branch as another discrete mode F + (Ref. 22 ). Figure 4 shows the sensitivity of the eigenspectrum to the choices of the boundary layer edge location (y max ) and the number of Chebyshev points (N ) for a M = 3, P r = 0.7, Re = 3000 and T o = 300K boundary layer with α = 0.06 and β = 0.1. From Figure 4 (a) it can be seen that, an increase in the number of Chebyshev points significantly affects the vorticity/entropy modes that are fast-decaying. It does not alter the acoustic branches of the spectrum much. However, a very low number of points can lead to the vorticity and entropy modes getting closer to the acoustic branch, which in turn leads to spurious interactions between these modes due to low resolution. Therefore, care must be taken to ensure that sufficient number of points are used to avoid such spurious modes. Further, Figure 4 (b) shows that the choice of y max affects the higher modes of the two acoustic branches of the spectrum. The fast and slow modes are not affected by the choice of y max beyond a value of 100. However, the location of the higher modes in the acoustic branches can shift depending on y max . A good choice of y max will ensure that the fast and slow modes are accurately captured and that the higher modes do not lead to spurious instabilities. In order to validate our code, we compared our results with the test cases mentioned in Ref., 24 and found a match of the real and imaginary part of the eigenvalues to the fourth and the fifth decimal places respectively (see Table 1 ). Figure 5 shows the eigenspectrum obtained by our code for the test case corresponding to M = 2.5, P r = 0.7, Re = 3000 and T o = 333K. The eigenspectrum compares well with that presented in Ref. 25 for the same case. Figure 6 plots the eigenspectra computed for M = 6, Re = 2000, α = 0.005, β = 0, T o = 300, at three different Prandtl numbers 0.3, 0.72 and 1.2. The first two discrete modes appear in the range of phase speed considered. When Prandtl number is increased from 0.3 to 0.72, the growth rate of the slow mode increases, but the mode is still stable. There is no noticeable effect of P r change on the fast mode. The effect of Prandtl number on the slow discrete mode is more prominent at P r = 1.2 ( Figure 6(c) ). The growth rate becomes positive which indicates that the mode has become unstable at higher Prandtl number.
III. Linear stability results
A. Identification of modes in the eigenspectrum
B. Validation and sensitivity analysis
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C. Effect of Prandtl number on the eigenspectrum
For investigating the effect of Prandtl number on the fast and slow modes, the growth rates of both the modes are plotted in Figure 7 , for a flow over a flat plate at M = 4 and Re = 8000, β = 0, and reference temperature of 288K, with three Prandtl numbers. Figure 7(a) shows that increasing the Prandtl number has a significant destabilizing effect on the slow mode. An increase in P r from 0.65 to 0.8 leads to an increase in the maximum growth rate of the slow mode by a factor of around 10. Further, the destabilizing effect of an increase in P r is monotonic at each streamwise wavenumber. The wave number corresponding to the peak in the growth rate of the slow mode shifts to higher values at higher Prandtl numbers.
From Figure 7 (b), it can be observed that the overall effect of increasing the Prandtl number is also to destabilize the fast mode. This effect is however less pronounced as compared to the slow mode instability. The destabilizing effect of higher P r is not monotonic for the fast modes. For instance, around a wavenumber of 0.3 and 0.38, it can be seen that the growth rate of the fast mode corresponding to P r = 0.65 is the highest, Figure 8 . Effect of Prandtl number on the branching pattern at M = 6, Re = 5000, To = 300K and β = 0. The fast mode after synchronizing with the slow mode becomes the more unstable mode for P r ≤ 0.37, however for P r ≥ 0.38, slow mode becomes the most dominant mode after mode-crossing.
followed by P r = 0.72 and 0.8 respectively. Also, the wave number corresponding to the maximum growth rate does not vary monotonically with changes in P r, however, the changes in the value of this wave number are small. Figure 8 plots the variation of phase speed and growth rate with wavenumber for the first two discrete modes for a M = 6 and Re = 5000 compressible flow over a flat plate at a stagnation temperature of 300K. The wavenumber is varied from around 0.02 to 0.18 for two Prandtl number cases (0.37 and 0.38). When the wavenumber is increased from 0.02, the phase speed of the fast mode decreases monotonically and it synchronizes with the entropy and vorticity modes of the continuous spectrum at a phase speed of around 1 (see Figure 8 (a) and 8(c)). Due to this synchronization, a branching of the discrete spectrum is observed and the fast mode i.e., F − departs from the continuous branch as F + . The slow mode whose phase speed continuously increases till the synchronization point, synchronizes with F + as the wavenumber is increased further. Due to this synchronization, a peak and trough in the growth rates are noticed for the fast and slow modes respectively, as shown in Figure 8(b) . However, when the Prandtl number is increased to 0.38, the slow mode which is stable compared to the fast mode before, becomes the most dominant mode after the synchronization with discrete mode F + (Figure 8(d) ). Therefore depending on the Prandtl number, two different types of branching patterns are observed, where either the slow or the fast mode becomes the most unstable mode. For this case, when the Prandtl number is less than or equal to 0.37, fast mode is the most unstable mode due to synchronization, otherwise slow mode is the most dominant mode starting from a Prandtl number of 0.38. Ref.
D. Branching type depending on the Prandtl number
22 also reports similar branching pattern for a flat plate boundary layer flow depending on Mach number, but with a constant Prandtl number of 0.72. Figure 9 plots the absolute values of the eigenfunctions for the first two discrete modes along the wall-normal direction for a flat plate flow at M = 6, Re = 3000, T o = 300K, α = 0.05 and P r = 0.4. The eigenfunctions are normalized by the absolute value of pressure perturbation at the wall. The parameters in this case are such that the first two discrete modes are far ahead of the synchronization point and the fast mode is more unstable than the slow mode. Figure 9 (a) presents the eigenfunctions for velocity and the viscous sublayer is observed close to the wall for both the modes. The temperature eigenfunctions (Figure 9(b) ) shows a peak around a wall normal distance of 16, which is the location of the critical layer for the slow mode. The pressure eigenfunctions are plotted in Figure 9 (c) and the slow mode shows a higher magnitude for pressure perturbation compared to the fast mode.
E. Eigenfunctions
The normalized eigenfunctions for the two fast modes F − (c r = 1 + 0) and F + (c r = 1 − 0) are presented in Figure 10 . The eigenfunctions for both the modes behave similarly in the boundary layer region for all the three eigenfunctions shown here. However, the real parts of the eigenfunctions for velocity and temperature have large oscillations outside the boundary layer due to the interaction of the fast modes with vorticity and entropy modes of the continuous spectrum, which is also noticed in Ref.
22
The eigenfunctions for velocity, temperature and pressure in the vicinity of the synchronization point for modes F + and slow mode are plotted in Figure 11 , at a streamwise wavenumber of 0.1009. We observe an overlap of mode characteristics to a certain extent. However, small differences are observed away from the wall, since the eigenfunctions are not plotted exactly at the branch point.
The eigenfunctions of Figure 12 are plotted at a streamwise wavenumber of 0.122, which corresponds to the maximum growth rate of the slow mode due to the synchronization with F + . Since the phase speed of both the modes at this wavenumber are close, eigenfunctions of both the modes behave in a similar manner, except near the critical layer which is at a wall-normal distance of around 17. F. Effect of Prandtl number on the neutral curves in Re − α plane Figure 13 shows the contours of zero and positive growth rates of the most unstable mode in the Re − α plane for a M = 6 boundary layer at different Prandtl numbers with a reference temperature of 288K. For the Prandtl numbers of 0.56 and 0.7, there are two distinct loops of instability -one occurring at lower wave numbers and the other at higher wave numbers. The lower loop and the upper loop instability are due to the first and second modes respectively. 20−21 At a higher Prandtl number of 0.9, the two loops corresponding to the first and second modes merge to form one large loop of instability. The traces of the two modes can still be seen by noting that there are two loops corresponding to ω i = 0.001.
Overall, the regions of instability corresponding to both the loops increase with an increase in Prandtl number. It can also be seen that the first mode is strongly destabilized due to an increase in Prandtl number from 0.56 to 0.7, where this loop shifts to much lower Reynolds numbers, resulting in higher growth rates at each Reynolds number with increasing Prandt number. A further destabilizing effect can be seen for this loop when it merges with the second loop for P r = 0.9. The maximum growth rate for the first mode increases by two orders of magnitude, from around 10 −5 to 10 −3 when the P r changes from 0.56 to 0.9 in the Reynolds number range considered.
The effect of Prandtl number on the second mode instability is less pronounced in the sense that the loop characteristics are less affected by a change in Prandtl number. Though the region of instability increases for the second mode when P r changes from 0.56 to 0.9, the maximum growth rate changes from 0.0025 to 0.004 respectively, where the change is less prominent compared to the first mode instability. Given the ambiguity in the terminology of the first and second modes pointed out in Ref., 22 we shall also consider the classification the modes as fast and slow, and have a relook at the instability modes in the Re − α plane. For the present case of Mach number of 6 and all the Prandtl numbers considered in Figure  13 , both the peaks in growth rate for a fixed Reynolds number correspond to the slow mode instability. So, an increase in the Prandtl number has a destabilizing effect on the slow mode instability, where it is more pronounced in the case of the first instability peak (corresponding to the first mode) at low wavenumber (α).
Note that in the case of M = 4 and all the Prandtl numbers presented in Figure 7 , the branching pattern is such that the slow and fast modes correspond to the first and second modes respectively. Even in this case, it can be seen that the second mode instability is less affected by the Prandtl number change compared to the first mode instability.
So, we can conclude that the first mode (slow mode) stability is very sensitive to changes in Prandtl number, while the second mode (fast or slow mode depending on the branching pattern) stability is less affected by Prandtl number changes. Note however that an increase in Prandtl number destabilizes both the first and second modes.
G. Effect of Prandtl number on critical Reynolds number and wavenumber
Figure 14(a) shows the variation of the critical Reynolds number and wavenumber with Mach number at two Prandtl numbers of 0.72 and 0.9, and with a reference temperature of 288K. It can be observed that, the critical Reynolds number decreases significantly as the Prandtl number is increased (Figure 14(a) ). This effect is more prominent at intermediate Mach numbers between 2 and 5, where the critical Reynolds number decreases by a factor of around 5 when the Prandtl number changes from 0.72 to 0.9. On the other hand, a further decrease in Prandtl number from 0.72 to 0.6 can lead to an increase in the critical Reynolds number by a factor of around 50 at these intermediate Mach numbers. Further, notice that the variation of critical Reynolds number with Mach number is not monotonic. The critical Reynolds number is maximum at intermediate Mach numbers.
From Figure 14 (b), we observe that there is a sharp change in the wavenumber corresponding to the mode leading to the critical Reynolds number between Mach number of 4 and 5. This jump in the critical wave number is due to the change in the most unstable mode, being either the first or the second mode. The first mode is the dominant instability mode at low Mach numbers, while the second mode instability is dominant for higher Mach numbers. Note however that the first mode is always the slow mode, while the second mode could either be the slow or the fast mode depending on the branching pattern. It can be seen that the sudden shift in the critical wave number is less affected by changes in Prandtl number. Also, there are only minor variations in the critical wavenumber with changes in Prandtl number, and the trend is not monotonic with Mach number.
Conclusion
We have investigated the effect of Prandtl number on the stability of high-speed boundary layer flows. Prandtl number values are systematically varied and a temporal linear stability analysis is performed. We find that increasing the Prandtl number has a destabilizing effect on the flow at all Mach and Reynolds numbers. Critical Reynolds number is significantly increased with decrease in Prandtl number especially at intermediate Mach numbers (2 − 5) . Higher growth rates and larger regions of instability are observed in the Re − α stability diagrams as Prandtl number is increased.
Synchronization between the fast and the slow modes often leads to peaks in the growth rates. Depending on the Prandtl number, two types of branching patterns are observed at mode-synchronization, which leads to either the slow or the fast mode becoming the dominant instability. Increasing the Prandtl number destabilizes both the first and the second mode. We observe that the first mode is always the slow mode, while the second mode could either be the slow or the fast mode depending on the branching pattern. Overall, high-speed flat plate boundary layer stability is sensitive to slight changes in Prandtl number.
